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Abstract
Let A be a UFD and I be an ideal of A. We study the elasticity of atomic domains of the
form A+XI [X ]. We prove this elasticity to be ;nite if and only if I is a product of incomparable
prime ideals where at most one of them is nonprincipal, then we provide an explicit computation
in the ;nite case. c© 2001 Elsevier Science B.V. All rights reserved.
MSC: 13F15; 13F20; 13A02
0. Introduction
Firstly, we recall some basic de;nitions and results which occur in the study of
factorization properties in integral domains. Following Cohn [15], we say that a domain
R is atomic if each nonzero nonunit of R is a ;nite product of irreducible elements
(atoms) of R. For instance, a domain which satis;es the ascending chain condition on
principal ideals (ACCP), that is, with no in;nite strictly ascending chain of principal
proper ideals, is atomic (but the converse fails [19,21,24]).
For an atomic domain R, a nonzero nonunit of R may have several factorizations
into irreducible elements of R and two factorizations may have di?erent lengths. Thus,
following Zaks [23], we de;ne R to be a half-factorial domain (HFD) if R is atomic
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and any two factorizations of a nonzero nonunit of R as products of irreducible elements
have the same length (for example, UFDs are HFDs). In order to measure how far an
atomic domain R is from being an HFD, we de;ne the elasticity of R as
(R) = sup{m=n | x1 · · · xm = y1 · · ·yn; where each xi; yj ∈ R is irreducible}
(the elasticity has been introduced by Valenza [22]). Thus, 1≤ (R)≤∞, and (R)=1
if and only if R is an HFD. The elasticity of an atomic domain may take all the values
greater than 1 (and may be in;nite) [1, Theorem 3:2]. When the elasticity is a rational
number m=n, we say that it is realized by a factorization if there exist some irreducible
elements x1; : : : ; xr ; y1; : : : ; ys of R such that x1 · · · xr=y1 · · ·ys and m=n=r=s [3]. How-
ever, the elasticity is not necessarily realized by a factorization, even in the case when
it is a rational number [6], and we do provide examples at the end of this paper. Now,
let us recall also a few facts about the -function introduced in [14]. If R is an atomic
domain and n a positive integer, we let (n) be the number of possible lengths of de-
compositions of elements which otherwise admit a decomposition of length n. In other
words, (n) is the cardinality of the set {m | x1 · · · xm=y1 · · ·yn; xi; yj irreducible in R}.
If (n) is in;nite for some n, then clearly (R) is in;nite, but the converse does not
hold in general [6, Example 1:3]. For more information on (R), see for example
[1,2,5] for a survey on this topic.
In recent papers, factorization properties have been investigated in various domains,
in particular, polynomial rings of the form A+XB[X ], where A⊂B is an extension of
integral domains (see for example [4,9–11,17,18]).
In this paper, we are interested in the elasticity of atomic domains of the form
R= A+ XI [X ] where I is a proper ideal of A. We thus have A⊂R⊂A[X ]. It is easy
to note that the units of R are the same as the units of A[X ] and that the irreducible
elements of A remain irreducible in R, thus (A) ≤ (R). Moreover, if A satis;es the
ACCP condition then R satis;es the ACCP condition [19, Proposition 2:1]. In particular,
if A is a UFD then R is atomic (and we can note that if R is atomic, then A is also
atomic).
In this paper, we obtain some results under the sole hypothesis that R is atomic and
in the case where A is a UFD, we completely investigate the elasticity of R. In Section
1, we give a necessary and suKcient condition for R to be an HFD. Namely, assuming
A to be a UFD, we prove that R is an HFD if and only if I is prime. Note that, if
I is a proper nonzero ideal, then A + XI [X ] is not a UFD since it is not completely
integrally closed. In Section 2, we show (always when A is a UFD) that the elasticity
of R is ;nite if and only if I is a product of r incomparable prime ideals of A with at
most one of them nonprincipal and that otherwise, (2) is in;nite. Then in Section 3,
we compute the elasticity of R (in the ;nite case): we show that it is exactly r and,
when r ≥ 2, that it is not realized by factorization.
If R is an integral domain, U(R) will denote its group of units and R∗ its set
of nonzero elements. As usual, Z will denote the ring of integers and N the set of
nonnegative integers. For any unde;ned terminology or notation, see [16].
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1. The half-factorial case
We begin with a lower bound (under the hypothesis that R= A+ XI [X ] is atomic).
For this, we describe some irreducible elements of R. We consider an element  ∈ I
such that  does not have any proper divisor in I , in other words, such that the ideal
A is maximal among principal ideals contained in I .
Lemma 1.1. Let A be an integral domain and I be an ideal of A such that R= A+
XI [X ] is atomic.
• Let  ∈ I such that  does not have any proper divisor in I; then for each integer
n ≥ 1; the polynomial fn = X n is irreducible in R.
• If such an element  is decomposed as a product  = 1 · · · r of r atoms; then
(R) ≥ r.
Proof. Write fn=(X i)(X j) with i+ j=n. If i = 0 and j = 0, then  ∈ I and  ∈ I ,
which contradicts the fact that  does not have any proper divisor in I . So we can
suppose that i = 0, then j ≥ 1 and  ∈ I ; since  does not have any proper divisor in
I , we obtain that  is a unit. Thus fn is irreducible.
If = 1 · · · r , we have fn1 = (1 · · · r)n−1fn, thus (R) ≥ (r(n− 1) + 1)=n for all
n ≥ 1.
In the particular case where A is a UFD, we obtain the following:
Proposition 1.2. Let A be a UFD and I be a nonprime ideal of A. Then (A +
XI [X ]) ≥ 2.
Proof. Since I is not prime, there exist b and c which are not in I such that a= bc is
in I . As A is a UFD, we can decompose b and c as a product of irreducible elements.
Let us write b= 1 · · · s and c= 1 · · · t . This yields the unique decomposition of a,
up to order and units, a= 1 · · · s1 · · · t . We can note that no subproduct of the is
and no subproduct of the is is in I . As a = 1 · · · s1 · · · t is in I , we consider the
subproduct of shortest length which is in I . Then there exist some irreducible elements
1; : : : ; r of A (with r ≥ 2) such that =1 · · · r is in I and has no proper divisor in I .
Consequently, a necessary condition for A + XI [X ] to be an HFD, is that I be a
prime ideal of A. We shall prove this condition to be also suKcient. Let P denote a
prime ideal of A. We ;rst study the irreducible elements of the domain R=A+XP [X ]
by considering two cases: those which are in P [X ] (that is, their constant term is in
P ) and those which are not (that is, their constant term is not in P ).
Lemma 1.3. Let A be an integral domain and P be a prime ideal of A. Let g and
h be two elements of A[X ] such that f = gh is in R= A+ XP [X ].
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• If f is not in P [X ], then g and h are in R. Moreover; if f is an irreducible element
of R; then f is irreducible in A[X ].
• If f is in P [X ], then g or h is in P [X ] (and thus a fortiori in R).
Proof. Let  be an element of A[X ], we note M its class modulo P [X ]. Then  is in
R if and only if M is a constant. In the ;rst case, Mf is a nonzero constant and Mf= Mg Mh,
thus Mg and Mh are nonzero constants that is, g and h are both in R. In the second case,
Mf= M0; Mf= Mg Mh and A[X ]=P [X ] is an integral domain, thus Mg= M0 or Mh= M0 that is, g or
h is in P [X ].
We are ready to conclude
Proposition 1.4. Let A be a UFD and I be an ideal of A. Then A+XI [X ] is an HFD
if and only if I is a prime ideal of A.
Proof. It remains to show that, if P is prime, then R=A+XP [X ] is an HFD. Let f
be a nonzero nonunit of R. We ;rst note that it is meaningful to say that an irreducible
factor h of f (in A[X ]) is in R or not, although these factors are a priori determined
up to unit. Indeed if u is a unit of A[X ], it is a unit of A, and hence, h is in R if
and only if uh is in R. We claim that the length of any decomposition of f in R is
the number of factors which, in the unique decomposition of f in A[X ], belong to R.
Indeed, consider a decomposition of f in a product of irreducible elements of R. Write
f=f1 · · ·fsg1 · · · gt , where f1; : : : ; fs are in P [X ] and g1; : : : ; gt are not in P [X ]. The
factors g1; : : : ; gt are in R and, from the previous lemma, are irreducible in A[X ]. For
1 ≤ i ≤ s, let us consider the unique decomposition of fi in A[X ]; fi = fi;1 · · ·fi;ni .
Since P [X ] is a prime ideal of A[X ], one of the fi;j’s is in P [X ]. Assume that fi;1 is
in P [X ]. In this case, we claim that no other subproduct of the fi;j’s is in R. Indeed,
by way of contradiction, suppose that there exists a subproduct  =
∏
j∈I fi; j (where
I ⊆{2; : : : ; ni}) of the fi;j’s which is in R. Thus, we can write fi = (fi;1
∏
j∈J fi; j)
(where {I; J} forms a partition of the set {2; : : : ; ni}). Since fi is irreducible in R and
fi;1
∏
j∈J fi; j ∈ P [X ]⊂R, we reach a contradiction. Thus, in the unique decomposition
of f in A[X ], there are exactly t factors which are in R but not in P [X ] and exactly
s factors which are in P [X ].
In particular, for an integer n ≥ 2; Z + nXZ[X ] is an HFD if and only if n is a
prime number.
Note that, in the last section, we will explicitly compute the elasticity of A+ XI [X ]
(when it is ;nite) and thus will recover the previous result.
2. Cases of innite elasticity
We now give two conditions for the elasticity of R = A + XI [X ] to be ;nite. The
;rst one is that I must be a radical ideal. We start with two technical lemmas.
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Lemma 2.1. Let A be an atomic domain and I be an ideal of A such that I = √I .
Then there exist a nonzero nonunit element y ∈ A and an irreducible element  ∈ A
such that y ∈ I; y2 ∈ I and y ∈ I .
Proof. Since I = √I , we can consider an element x in A such that x is not in I and
x2 is in I . As A is atomic, we can write x = a11 · · · ann , where the i’s are pairwise
nonassociated irreducible elements of A and the ai’s are positive integers. Then we
consider z = b11 · · · bnn , where (b1; : : : ; bn) is minimal in Nn, under the product order,
such that (a1; : : : ; an) ≤ (b1; : : : ; bn) ≤ (2a1; : : : ; 2an) and such that z ∈ I . Since x ∈ I ,
it follows that ai ¡bi for some i, say a1 ¡b1. Finally, let y = 
b1−1
1 
b2
2 · · · bnn , then
y ∈ I; y2 ∈ I (since x2 divides y2) and 1y ∈ I .
The second lemma follows immediately from the proof of [12, Proposition 2.7].
Lemma 2.2. Let A be an integral domain; x be a nonzero element of A and v be
a rank-one discrete valuation such that v(x)¿ 0. Then; for each positive integer q
prime to v(x); the polynomial 1+ xX q is irreducible in K[X ] (where K is the quotient
>eld of A).
Say that an integral domain satis>es condition C if for all nonzero nonunit x of A,
there exists a rank-one discrete valuation v on A such that v(x)¿ 0.
This is the case for a large class of domains (for instance Krull domains, or noethe-
rian domains as a consequence of [20, Proposition 7:I:7, p. 140]). It would be interesting
to characterize the domains which satisfy this condition. In particular, we ask: does the
atomicity imply condition C?
Proposition 2.3. Let A be a domain which satis>es condition C. If I is an ideal of A
such that I = √I and if R= A+ XI [X ] is atomic; then (2) is in>nite in R.
In particular; if A is a UFD and I = √I ; then the elasticity of R = A + XI [X ] is
in>nite.
Proof. From Lemma 2.1, there exist a nonzero nonunit x and an irreducible element
 in A such that x ∈ I , x2 ∈ I and x ∈ I . From condition C, there exists a rank-one
discrete valuation v on A such that v(x)¿ 0. Let us consider a strictly ascending
sequence of integers (qi), each of them prime to v(x). For each n ≥ 1, we set fn =

∏n
i=1(1 + xX
qi) and gn = 
∏n
i=1(1− xX qi). By construction, each fn and each gn is
an element of R. From the previous lemma, for each i, the polynomials 1 + xX qi and
1− xX qi are irreducible in K[X ].
We claim that for each n, fn is irreducible in R. Indeed, assume by way of contra-
diction that fn is not irreducible in R: we can write fn = ’n n, where ’n and  n are
nonunits of R. Since each factor of the polynomial fn is irreducible in the unique fac-
torization domain K[X ], we can write ’n=a
∏
i∈I (1+xX
qi) and  n=b
∏
j∈J (1+xX
qj)
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where {I; J} forms a partition of {1; : : : ; n} and a, b are in K∗. In fact, as ’n and  n
are in R; a and b are in A. We have ab=  and  is irreducible, so we can assume,
without loss of generality, that a =  and b = 1. Since x is not in I , this contradicts
the fact that  n is in R. Thus, for each n, fn and gn are irreducible in R.
On the other hand, for each n ≥ 1, we have fngn = 2
∏n
i=1(1 − x2X 2qi). Thus, for
each n ≥ 1, we have an equality with two irreducible factors on the left and n + 2
factors on the right.
Remark 2.4. For a UFD, an ideal I = A generated by an irreducible element  is
prime and then (A+ XI [X ]) = 1. In general, however, the ideal generated by an irre-
ducible element is not prime and not even a radical ideal. For instance, let A=Z[
√−5]
and I = A, where = 2+
√−5. Then  is irreducible in A, but I is not radical since
3 ∈ I and 32 = (2 +√−5)(2−√−5) ∈ I . In this case, A is a Dedekind domain (thus
it satis;es condition C), moreover A is an HFD [13]. Nevertheless, (R) is in;nite.
Even if A is a UFD, the condition I =
√
I is not suKcient for R to have a ;nite
elasticity. Here is an easy example.
Example 2.5. Set A=k[x; y; z; t] where k is a ;eld and x; y; z and t are indeterminates.
Consider the prime ideals P =xA+yA and Q =zA+ tA of A, and set I=PQ =P ∩Q
(then I is a radical ideal). For all n ≥ 1, the polynomials fn = z(x + yX )n and
gn=x(t+ zX )n are irreducible in R=A+XI [X ]. But fngn=xz(xt+(yt+ zx)X +yzX 2)n
is a product of at least n+ 2 irreducible elements of R. Thus (2) is in;nite.
From now on, we suppose that A is a UFD. Let S be a subset of A, we consider the
set cd(S) of the elements of A which divide all the elements of S. Since A is a UFD,
there exists a unique (up to units) greatest element in cd(S), we denote it as gcd(S).
In particular, when the set cd(S) does not contain any nonunit element of A, we note
that gcd(S) = 1.
Then, if I is an ideal of A, we can write I = yJ where y is the greatest common
divisor of I , and J is an ideal of A such that gcd(J )=1. Moreover, this decomposition
is unique (up to units).
Lemma 2.6. If J is an ideal of A with gcd(J ) = 1; then for all nonzero nonunit x in
A; there exists z in J prime to x.
Proof. Let 1; : : : ; r be the distinct irreducible factors of x in A. Since gcd(J ) = 1,
for all 1 ≤ i ≤ r, there exists zi in J such that i does not divide zi. Then we set
z = z12 · · · r + z213 · · · r + · · ·+ zr1 · · · r−1:
This element z is such that gcd(x; z) = 1.
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Proposition 2.7. Let A be a UFD and I = yJ be an ideal of A where gcd(J ) = 1. If
J is a proper ideal of A and if J is not prime; then (2) is in>nite in R=A+XI [X ].
Proof. If I is not a radical ideal, we can already conclude that (2) is in;nite. Thus
we assume that I =
√
I . Since J is not prime, there exist a; b in A, a ∈ J; b ∈ J , such
that ab ∈ J . From the previous lemma, there exist  and  in J , respectively, prime
to ya and yb. Set f =  + yaX and g =  + ybX , then f and g are irreducible in
A[X ]. Since  ∈ J and  ∈ J , then for each n ≥ 1; fng and fgn are in R, and since
(ya)k ∈ I and (yb)k ∈ I , for k ≥ 1 (as we assume I to be a radical ideal), it follows
that fng and fgn are irreducible in R. On the other hand, fg ∈ R and, for each n ≥ 1,
we have
(fg)n+1 = (fgn)(fng):
Therefore (2) is in;nite.
Putting together both necessary conditions for the elasticity of A+XI [X ] to be ;nite,
we ;nally obtain the following:
Proposition 2.8. Let A be a UFD and I be an ideal of A. If the elasticity of R=A+
XI [X ] is >nite; then I = P1 · · ·Pk where the Pi’s are incomparable prime ideals of
A with at most one ideal nonprincipal.
Proof. Since (R) is ;nite, we have I =
√
I (Proposition 2.3). Let us remark that, if x
is an element of I with decomposition of smallest length, then x is square free. Indeed,
if x=y2z, then y2z2 is in I , thus yz is in
√
I = I , which is impossible since the length
of yz is smaller than the length of x.
Suppose ;rst that I is a principal ideal generated by a nonzero nonunit x. Write
x=1 · · · k where the i’s are prime elements of A. Set Pi =Ai, thus I =P1 · · ·Pk .
From the previous remark, x is square free thus the i’s are pairwise nonassociated,
that is, the Pi’s are incomparable.
Suppose now that I is not principal, then write I = yJ , where gcd(J ) = 1. Since
(R) is ;nite, it follows from Proposition 2.7 that J is prime. If y is a unit of A, then
I is prime and we are done, otherwise write y = 1 · · · k , where the i’s are prime
elements of A and set Pi =Ai. Thus I =P1 · · ·PkJ . If (for instance) 1 is in J , then
212 · · · k is an element with decomposition of smallest length in I , which contradicts
the previous remark. Moreover, choose an irreducible element  in J , then 1 · · · k is
an element of I with decomposition of smallest length, thus (from the remark) the i’s
are pairwise nonassociated. It follows that the ideals P1; : : : ;Pk ; J are incomparable.
In the following section, we show that the condition given in Proposition 2.8 is
suKcient and then we compute explicitly the elasticity of A+ XI [X ].
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3. Computation of the elasticity
We now compute explicitly the elasticity (and show it to be ;nite) when I is a
product of incomparable prime ideals of A with at most one ideal nonprincipal. We
begin with some considerations about the irreducible elements of R assuming only that
I = P1 ∩ · · · ∩Pk , an intersection of incomparable prime ideals of A.
Lemma 3.1. Let A be a UFD and set R= A+ XI [X ] where I =P1 ∩ · · · ∩Pk is an
intersection of incomparable prime ideals of A. If f is an irreducible element of R
such that f ∈ Pi[X ] for 1 ≤ i ≤ k; then f is irreducible in A[X ] and f is a prime
element of R.
Proof. Set Ri = A + XPi[X ] then R =
⋂k
i=1 Ri. Write f = gh with g; h ∈ A[X ]. As
f ∈ Pi[X ], it follows from Lemma 1.3 that g and h are both in Ri for all i, thus g
and h are both in R. Since f is irreducible in R, g or h is a unit of R (and of A[X ]).
Thus f is irreducible in A[X ]. But A[X ] is a UFD thus f is a prime element of A[X ].
Suppose now that f divides 12 in R (with 1; 2 ∈ R), then f divides 12 in
A[X ]. As f is prime in A[X ] we can assume that f divides 1 (in A[X ]): there exists
 in A[X ] such that 1 = f . We consider two cases: if 1 ∈ Pi[X ], as f ∈ Pi[X ],
we have  ∈ Pi[X ]; if 1 ∈ Pi[X ], as 1 ∈ R, a fortiori 1 ∈ Ri and it follows from
Lemma 1.3 that  ∈ Ri. In both cases, we have  ∈ Ri, and ;nally, this being true for
all i, we obtain  ∈ R. Thus f divides 1 in R and f is prime in R.
In order to explicitly compute the elasticity, we shall make use of length functions
(introduced in [1]). In fact, we generalize this notion as follows:
Denition 3.2. Let R be an integral domain. A function ’ : R∗ → N is called a
pseudo-length function on R if
(i) ’(xy) = ’(x) + ’(y), for all x; y ∈ R∗,
(ii) for each nonprime irreducible element x of R, ’(x)¿ 0.
Note that, for a length function, it is required that ’(x)¿ 0 for each nonzero nonunit
x ∈ R, while here we require only ’(x)¿ 0 for each x ∈ R with a nonprime irreducible
factor.
As for length functions, we then set
M∗ =M∗(R; ’) = sup{’(x) | x ∈ R is irreducible but not prime};
m∗ = m∗(R; ’) = inf{’(x) | x ∈ R is irreducible but not prime}:
Such M∗ and m∗ are not de;ned for a UFD (for which every irreducible is prime),
but in this case it is convenient to set M∗ = m∗ = 1.
Generalizing [1, Theorem 2:1] (the proof is exactly the same), we have the following
(which is very useful to compute the elasticity of various domains [7, Lemma 2:3],
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[8, Lemma 2:3], [10, Theorems 4:3 and 4:4], [17, Proposition 3:11] and [18, Theorem
2:1]):
Theorem 3.3. Let R be an atomic domain and ’ : R∗→N be a pseudo-length function
on R; then
1 ≤ (R) ≤ M
∗
m∗
:
We return now to the case of R=A+XI [X ], where A is a UFD and I=P1∩· · ·∩Pk ,
an intersection of incomparable prime ideals of A.
We de;ne a function ’ : R∗ → N as follows: for each f ∈ R∗, write f = uh1 · · · ht
the unique decomposition of f in A[X ] (t=0 if f is a unit), then ’(f) is the number
of factors h such that h ∈ R ∩Pi[X ], for at least one i; 1 ≤ i ≤ k.
Note (as in the proof of Proposition 1:4) that although the irreducible factors of f
are de;ned up to multiplication by a unit, this de;nition is meaningful as for each unit
u of A we have, h ∈ R ∩Pi[X ] if and only if uh ∈ R ∩Pi[X ].
We immediately have
’(xy) = ’(x) + ’(y) for all x; y ∈ R∗:
With these notations and hypotheses, we can prove that ’ is a pseudo-length function
if we assume moreover that at most one of the primes Pi is nonprincipal.
Lemma 3.4. Let I =P1 ∩ · · · ∩Pk and assume that at most one of the primes Pi is
nonprincipal. Let f be an irreducible and nonprime element of R= A+ XI [X ]. Then
’(f)¿ 0.
Proof. Without loss of generality, we can assume that P1; : : : ;Pk−1 are principal and
write Pi = Ai for i ≤ k − 1.
From Lemma 3.1, as f is not prime, then f ∈ Pi[X ] for some 1 ≤ i ≤ k. Then we
consider two cases:
• f ∈ Pi[X ] for i ≤ k − 1. Then f has an irreducible factor in A[X ] which is in
Pi[X ]; as Pi = Ai, this factor is i (up to unit). But clearly i ∈ R ∩Pi[X ], thus
we are done.
• f ∈ Pi[X ] for all i ≤ k−1, but f ∈ Pk [X ]. In this case, there exists an irreducible
factor h (in the decomposition of f in A[X ]) which is in Pk [X ]. On the other
hand, since f ∈ Pi[X ] for all i ≤ k − 1, it follows from Lemma 1.3 that h ∈
Ri = A+ XPi[X ] for i ≤ k − 1. As R=
⋂k
i=1 Ri and Pk [X ]⊂Rk , it ;nally follows
that h ∈ R ∩Pk [X ], thus ’(f) ≥ 1.
Assuming only the ideals Pi to be prime (principal or not), we now give an upper
bound for ’(f). For each f ∈ A[X ], let X (f) be the set of prime ideals (among
P1; : : : ;Pk) such that f ∈ Pi[X ]. Denote by |X (f)| the cardinality of X (f). With this
notation (and also the previous notations and hypotheses), we have the following:
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Lemma 3.5. Let f be an irreducible element of R; then ’(f) ≤ |X (f)|. In particular;
’(f) ≤ k.
Proof. Write f= g1 · · · gsh, where, for each i; gi is an irreducible factor in A[X ] such
that there exists j with gi ∈ R ∩Pj[X ], and h is the product of the other irreducible
factors in the unique decomposition of f in A[X ]. Note that s=’(f) and X (gi)⊂X (f).
Suppose by way of contradiction, that s¿ |X (f)|. Then the chain
X (g1)⊂X (g1) ∪ X (g2)⊂ · · ·⊂X (g1) ∪ · · · ∪ X (gs)
is not strictly ascending. Hence we can suppose that X (gs)⊂X (g1) ∪ · · · ∪ X (gs−1).
Write f = gsh1 where h1 = g1 · · · gs−1h. We claim that h1 ∈ R, thus reaching a
contradiction with the irreducibility of f (as gs ∈ R). To prove that h1 ∈ R, we show
that (for each i), we have h1 ∈ Ri = A+ XPi[X ]. For this, we consider two cases:
• Pi ∈ X (f), that is f ∈ Pi[X ]. It follows from Lemma 1.3 that h1 ∈ Ri.
• Pi ∈ X (f). Then, at least one irreducible factor of f (in A[X ]) belongs to Pi[X ]. If
this factor is not gs, then clearly h1 ∈ Pi[X ]. But if this factor is gs, then Pi ∈ X (gs)
and it follows that we have also Pi ∈ X (gj) for some j ≤ k−1, that is gj ∈ Pi[X ],
and thus again, h1 ∈ Ri.
Putting all these results together, we ;nally obtain the following:
Theorem 3.6. Let A be a UFD and I be a nonzero proper ideal of A. Then the
elasticity of the domain R = A + XI [X ] is >nite if and only if I = P1 · · ·Pk ;, where
P1; : : : ;Pk are incomparable prime ideals of A with at most one of them nonprincipal.
Moreover; in this case we have (R) = k.
Proof. From Proposition 2.8, it suKces to show that if I=P1 · · ·Pk , where P1; : : : ;Pk
are incomparable prime ideals of A with at most one of them nonprincipal, then (R)=
k.
From Lemmas 3.4 and 3.5, the function ’ de;ned above is a pseudo-length function
on R∗ such that m∗ ≥ 1 and M∗ ≤ k. From Theorem 3.3, we obtain that (R) ≤ k.
Finally, write Pi=Ai for i ≤ k−1 and let  be an irreducible element in Pk (such
an element exists since A is a UFD). Then 1 · · · k−1 ∈ I and has no proper divisor
in I . It follows from Lemma 1.1 that (R) ≥ k.
Example 3.7. Let n be an integer, n ≥ 2. If n is square free then (Z + nXZ[X ]) is
the number of prime factors of n in Z. Otherwise (Z + nXZ[X ]) is in;nite, more
precisely (2) is in;nite.
We can ;nally improve Theorem 3.6 with the following:
Proposition 3.8. Let A be a UFD and let P1; : : : ;Pk be incomparable prime ideals
of A with k ≥ 2 and at most one of them nonprincipal. Then the elasticity of R =
A+ X (P1 · · ·Pk)[X ] is not realized by a factorization.
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Proof. From Theorem 3.6, we have (R) = k. As previously, we note that Pi = Ai
for i ≤ k − 1. We also note Ri =A+XPi[X ] and Di =R∩Pi[X ], for all i. By way of
contradiction, let us suppose that the elasticity of R is realized by a factorization that
is, there exist some irreducible elements f1; : : : ; fr; g1; : : : ; gkr of R such that f1 · · ·fr =
g1 · · · gkr .
In this equality, there are no prime elements; indeed, such primes would appear on
both side of the equality, but then, by simpli;cation, we would obtain an equality for
which the ratio of the lengths would be greater than k.
We have
∑r
i=1 ’(fi)=
∑kr
j=1 ’(gj) and, as the function ’ is such that 1 ≤ ’(h) ≤ k
for each nonprime irreducible factor h, we see that ’(fi) = k for all i; 1 ≤ i ≤ r, and
’(gj) = 1 for all j; 1 ≤ j ≤ kr.
Let f be one of the factors fi and consider its unique factorization in A[X ]. As
’(f) = k, f admits a factor in each Di, hence we can write f= 1 · · · k−1h1 · · · ht ,
where  ∈ Dk and the factors hi are not in any Du. Let us call the hi’s, the h-type
factors of f. We note that the h-type factors are not in Pk [X ]. Indeed, if hj ∈
Pk [X ] (for some j), then h1 · · · ht ∈ Pk [X ], hence 1 · · · k−1h1 · · · ht ∈ R, and as
f=(1 · · · k−1h1 · · · ht) with  ∈ R, we obtain a contradiction with the irreducibility
of f in R.
Let h be one of the h-type factors of f. As A[X ] is a UFD, h appears in the
factorization of one of the gj’s, say g. As ’(g) = 1, the unique factorization of g in
A[X ] can be written as g=  h where  is irreducible in A[X ] and belongs to some
Du, h is the given h-type factor,  is the product of the other h-type factors (they are
irreducible in A[X ] but in none of the Dj’s). We now prove that h belongs to Ri, for
each i but i = u, by considering two cases:
• If u = k, then g ∈ Ai[X ] for all i ≤ k − 1. Since h( ) = g ∈ R⊂Ri, it follows
from Lemma 1.3 that h ∈ Ri for all i ≤ k − 1.
• If u¡k, as above h ∈ Ri for i ≤ k − 1 and i = u. It remains to show that h ∈ Rk .
Note that, in this case, we have  = u and hence  ∈ Pk [X ]. As h is a product
of h-type factors, which do not belong to Pk [X ], it follows that g=  h does not
belong to Pk [X ]. From Lemma 1.3 again, we conclude that h ∈ Rk .
For each 1 ≤ u ≤ k, we let Hu be the product of the h-type factors which are
in
⋂
j =u Rj. Then uHu ∈ R (for u¡k) and Hk ∈ R. But we have f = (1H1) · · ·
(k−1Hk−1)(Hk), and since k ≥ 2, we obtain a contradiction with the irreducibility
of f in R.
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